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Computation of Solid/Liquid Phase Change Including Free
Convection—Comparison with Data

G. E. Schneider*
University of Waterloo, Waterloo, Ontario, Canada

A computational model is presented for solid/liquid phase-change energy transport including free convection
fluid flow in the liquid phase. The computational model considers the velocity components of all nonliquid
control volumes to be zero but fully solves the coupled mass-momentum problem within the liquid. The thermal
energy model includes the entire domain and employs an enthalpy-like model and a recently developed method
for handling the phase-change interface nonlinearity. Convergence studies are performed and comparisons made
with experimental data for two different problems. Grid independence is achieved, and the comparison with
experimental data indicates excellent quantitative prediction of the melt fraction evolution. Qualitative data are
also provided as velocity vector and isotherm plots. The computational costs incurred are quite low by

comparison with other models.

Nomenclature

A = finite-difference coefficients

b =right side

C  =transient coefficient

c = specific heat

e = specific energy

o =Fourier modulus

= gravitational acceleration
=half height of domain
=enthalpy

=thermal conductivity

=normal to interface

= pressure

= Prandtl number

=Rayleigh number

= Stefan number

= temperature

= Cartesian velocity components
=interface velocity

=width of domain

= Cartesian coordinates '
=thermal diffusivity

=isobaric compressibility
=change in accompanying variable
=nondimensional domain width
=modified diffusion coefficient
= half-fusion temperature range
= latent heat of fusion

= kinematic viscosity

= density
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Subscripts

d = dynamic

e =east

¥ = fusion

i =interfacial or dummy variable
i,j  =discrete location

? =liquid

n =north

r =reference
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s =solid, or south

spec = specified

w =working variable or west

X,y =x or y direction

1,2,3 =solid, melt, or liquid
Superscripts

c = continuity

e, W,n,8,p = geographical molecule location

uo,p, T =u and v velocity, pressure, temperature

uu,up,vv,up, TT =equation of first variable, multiplier of
second variable

=nondimensional

*

Introduction

HE Stefan problem is intrinsically highly nonlinear. This
nonlinearity is due to the compatibility constraints im-
posed at the solidification/melt front and involves the energy
fluxes and front propagation velocity at the interface location.
However, neither the fluxes, the interface propagation veloc-
ity, nor the interface location itself are known a priori. As a
result, analytical solutions are available for only a few rela-
tively simple configurations.'”> For more realistic problem
specifications, discrete methods are required. Traditionally,
finite-difference or finite-element methods have been used.
In applications of the enthalpy model® to phase change
problems, the solution of the algebraic system of equations
consumes considerable computing time. This is because com-
plete transient histories are required and Gauss-Siedel itera-
tion or equivalent procedure has been used to solve the equa-
tion system. The requirement for an iterative procedure arises
from the highly nonlinear character of the interface con-
straint.” In the enthalpy method, the interface location is not
tracked explicitly, and its location can be resolved only to
within one mesh spacing. The interface nonlinearity, then,
appears in the enthalpy model in the form of a highly nonlin-
ear equation of state relating enthalpy to temperature. In
addition, this nonlinear behavior is concentrated within the
immediate vicinity of the phase change interface and is ex-
tremely difficult to accommodate.? This is further augmented
in problems for which more than one phase interface must be
accommodated. Williams and Curry® presented a more im-
plicit procedure for the solution of the algebraic equation
system for the case of one-dimensional phase change energy
transport. Extension of their procedure to more than one
space dimension does not appear possible.'? Since the majority
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of problems of practical importance involve two or three space
dimensions, this is a serious disadvantage. Samonds et al.!!
developed an implicit-explicit, time-stepping algorithm for
finite-element analysis, but their model did not include con-
vection.

The numerical solution of solid/liguid phase change prob-
lems has been considerably simplified and the associated costs
dramatically reduced due to a method by Schneider and Raw!2
for one-dimension problems. This procedure has also been
employed in two dimensions by Raw and Schneider'® with cost
reductions comparable to those for the one-dimensional situa-
tion, typically two orders of magnitude. All of the preceding
methods and applications, however, have included only con-
duction as the energy transport mode without regard for buoy-
ant convection. In practice, it is frequently this convective
motion itself which is the dominant energy transport mecha-
nism. As such, it is crucial that this predictive capability be
available in a computational scheme.

There has been little work published in which free convec-
tion is included in the model. Recently, Gadgil and Govin,*
Ho and Viskanta,!S Yoo and Rubinsky,'¢ and Morgan!” have
presented such models. However, all quote extremely high
computational times, which is a prime reason for the scant
treatment of this problem. Ho and Viskanta,' for example,
quote run times of 50,000 central processing unit (CPU) s for
a single transient evolution using a CDC 6500 installation.
This is clearly an exorbitant amount of computing time for
their mere 13 x 21 grid and is the reason that only two simula-
tions were provided. Yoo and Rubinsky!¢ and Morgan!’ do
not make comparisons with experimental data.

In the present paper, convergence studies are performed on
two problems using a procedure introduced by Schneider.!%1°
The procedure employs an enthalpy-like model and incorpo-
rates the two rules of Schneider and Raw.!? Using the pro-
posed model, in conjunction with a coupled, modified,
strongly implicit procedure for the fluid-flow solution, com-
putational times for a complete simulation are reduced to less
than 10 min for a 10 X 10 grid on a VAX/785. This is dramat-
ically less than the 833 min quoted by Ho and Viskanta.!® As
such, this is an important step toward rendering the prediction
of phase change problems with free convection practical for
use as a design and analysis tool and indeed is partially respon-
sible for permitting this convergence study to be performed.

One of the problems examined in this study is the case in
which a rectangular phase change material (PCM) section is
heated from both the side and bottom of the container. This is
a problem for which the computational model of Ho and
Viskanta!> fails. Excellent agreement of the current predic-
tions with experimental data is achieved for both test cases
considered.

Formulation of the Problem

The problems examined in this study correspond to thermal
energy transport within a rectangular enclosure in which a
PCM undergoes phase transition as its fusion temperature is
traversed. The cavity has a height of 2H and a width of W.
Schematically, the problem geometry is that shown in Fig. 1.
The surface at y = + H is a free surface exposed to an air layer
bounded by insulation. The boundary defined by x =0 is a
surface of symmetry and has zero temperature gradient, zero
velocity, and zero tangential shear. The surfaces defined by
x = Wand y = — H are fixed surfaces and therefore have zero
normal and tangential velocity prescribed. The temperature
along the boundary defined by x = W is prescribed, and the
thermal condition at the boundary y = — H takes on two
different prescriptions depending on the case considered.
These are:

1) Problem 1: temperature gradient of zero—insulated con-
dition.

2) Problem 2: temperature prescribed to be the same value
as that at x = W,
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Fig. 1 Problem geometry: a) adiabatic lower surface and b) isother-
mal lower surface.

The preceding correspond to those examined experimentally
by Ho.20

The following nondimensional variables are introduced for
this problem:

P
x*=x/H, y*=y/H, u*=u/uy, v*=uv/u, P;E;‘Z
0
erfbet g Tl ot a

Aeref ’ ATref ’ fo

Properties are normalized by liquid values and reference val-
ues are given by

2
oy L

w=—, Po=pu§, to=—, ex=e, Tg=T;
H oy

Aeref =¢ ATref (2)
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The pressure P is decomposed as
P =Py~ pogh 3

where 4 is vertical distance. The governing equations repre-
senting conservation of mass, momentum, and energy can
then be written in nondimensional form as the following,
considering incompressible liquid PCM and employing the
Boussinesq approximation for the buoyancy terms.

o /)+ - (v7)=0 @
+ - (viju;)= —ﬁ+»P
(141)"' —Wiul) viuy)= o TP
d (ou* a [ou*
— PriR
>< [ax* (ax*) (ay)] wha
x& T - 1) ®)
4
3 au a
(UI)+ S @iv) +— Wiv)) = — .+ Pn
ay ay

a (ov* a (ov* & *
_— | — — PriRa, = (T* - 7
* [6x* <ax*> +'ay* <ay*>} & a'g ( 0:
6)

d d a [oT*
(ef)+ (u,e,)+ - (viel) = pr <6 )
X *

N 3 <aT*> -
ay* \ay*

s kS
*<k ax*>+ay*< ay*> ®

In the preceding, it is assumed that the velocity of the solid
PCM is zero. The two parameters appearing in these equations
are the Prandtl number and the Rayleigh number.

6

HPAT,
Pri=", Rq=28TA%u ©
(27 vioy

However, the parameter AT, in the Rayleigh number has not
yet been established. This is effected through boundary con-
ditions; however, the interfacial constraints must also be
applied.

With regard to the interface constraints, continuity of tem-
perature requires that

T/ ;=T;1;=T; =0 (10)

Conservation of energy must also be enforced across the inter-

Fig. 2 Interface energy balance.
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face. With reference to Fig. 2, conservation of energy applied
to an interfacial surface element results in the requirement that

aTi| _
on* ,'-

« 0T
7 an*

oS Vi
Ste

a1

where the Stefan number is defined as

[} A Tref

Ste =
=N

Boundary conditions required to complete the mathematical
description are given below.

dv* aT*
*=0; u*=0, —=0, —=0
X u p e (13)
. aT*
y*=—-1; u*=0, v*=0, W=OorT*=l
(14
ou* aT*
*= + 1 =0, v*=0, —=0 15
y + 3y v oy 15)
x*=v, u*=0, v*=0, T*=1 (16)
where v = W/H and where
ATrefE Tspec_ Tf (17)

has been introduced with Ty, being the specified value of
temperature at the right-most surface.

The equation of state will be introduced when the numerical
procedure is discussed. For purposes of this paper, the pro-
perty values of the PCM are independent of its phase. Thus

ks =c; =ps =1 (18)

The functional dependence of the temperature distribution
then takes the form

T* = T*(x*,y*,Fo,y,Pr,Gr,Ste) (19)

Numerical Formulation

In this section the numerical procedure employed to solve
the phase change problem including free convection is de-
scribed. In order to include the free convection, the equations
of mass and momentum must be solved in addition to the
energy equation. Further, the nonlinearity inherent in the
interface constraints renders the energy equation extremely
difficult to solve even for the case of pure diffusive transport.

The finite-difference method is used in the present work
employing the staggered mesh commonly used for fluid-flow
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Fig. 3 Finite-differenced mesh.
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computation as illustrated in Fig. 3. Pressure and temperature
variables are stored at the indicated ‘‘nodes,”” and the v and v
velocity components are stored at the faces of these control
volumes.

The representation of the continuity equation is obtained by
performing a mass balance on continuity control volumes,
those having pressure nodes at the control volume centers. The
discrete continuity equation, for incompressible flow, has the
form, with reference to Fig. 3, given by

Achey Zj +A “"Wu,-‘_ 1.J + A cv’"UZj + A cv,sv:j_ 1= 0 (20)

The discrete x-momentum equation, for example, is given
in the form

* * * *
A"”"wl«l,'_l,j +A““'5u,,j-1 +A"”*1’u,-,j + Avey i+ 1,j

+ A AL+ AYPEpY, = DY @

The coefficients in this equation are obtained using the proce-
dure outlined by Patankar.?! In particular, the momentum
flows are evaluated using the power law approximation to the
focally one-dimensional, advection-diffusion problem. The
central coefficient A **? is obtained from

Auhp = __(Auu,w+Auu,s+Auu,e+Auu,n)+ Cu (22)
where

Cy = p*(8x*), Ay} / AFo 23)

and where (6x ) is the x dimension of the momentum control
volume. The source term of Eq. (21) includes the buoyancy
driving force term and is given by

b¥ = —-Pr,Ra,%‘ (T5; =~ To)Exedy) + Cul®  (24)

In a similar fashion, the discrete representation of the y-mo-
mentum equation can be determined

AW+ AU+ AP + AT,
+A ”""‘v,7:,-+ |+ AWSpL + APrp S = bY 25)
where
C. = p*(8x*), Ay} /AFo (23)

with C? and b? given by
C’ = p*Ax; (89 *)a/AFo, (27a)
bv= — p,,R,,,‘% (T}, — THAXT (39", + C™}¢  (27b)

The thermal energy equation is treated analogously to the
momentum equations. However, the energy equation contains
a mixture of internal energy and temperature terms; internal
energy is stored and convected while the temperature is dif-
fused. This mixture is resolved through the equation of state.

Following Schneider,'>!? the internal energy is approxi-
mated by enthalpy and a piecewise linear equation of state is
used to effect complete passage from solid, through ““melt,”’
to liquid. For this purpose, a phase transition, or melt, phase
is introduced. Denoting the solid, phase transition, and liquid
phases by subscripts 1, 2, and 3, respectively, the equation of
state is given by a single general equation

h*=hp; +cpi(T* ~TJ), =123 (28)
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Fig. 4 Equation of state.

where the subscript f denotes a reference value. This reference
value is chosen for convenience, since only changes in energy
or enthalpy are required, but the constraint is required when
dealing with the PCM that the equation of state must be
continuous.

One consistent set of reference values, as illustrated in Fig.
4, is given by

h;1=0 T;)=—E C;1=C:
0.5 1l+c;
h* =0 T* - _ * = + S
2 12T TE T g e 2
his=1/Ste  Tiy=+e cpa=1 (29

where € is a small value, typically of order 10~ 4, whose influ-
ence is representation of phase transition by a large specific
heat over a negligibly small temperature range. In the discrete
problem, therefore, the Stefan number appears in the property
relations, whereas it appears in the continuum problem in the
interface constraints.

The generalized equation of state can be rewritten in the
more compact form

h*=hy; +cp,T* (30)

where
Rui=hii =y Ty . QY
Using the preceding form for the equation of state, it is
possible to express the energy equation in a form which is

primarily dependent on temperature. This equation has the
form

ATENT !+ ATOST 5+ ATTPT Y + ATRT [y

+ AT 5 =bT (32)
where
AT = —[ATTw 4 ATTS 4 ATTe 4 ATTN] 4 CTep |y
(33)

and where the evaluation of the A 77 terms, representing sensi-
ble energy flows, has been done using the methods of
Patankar?! with the effective coefficient for diffusion given by -
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I = k*/Cpf,- evaluated at the appropriate location. The CT
and b7 in the preceding are given by

p*Ax}*Ay’f
CT=——"L 34
AFo (342)
bT=CTcp; ;T30 ~ CT,(hu; — D), (34b)

It is noted that the form of the equation given by Eq. (32),
with Egs. (34), involves relatively few occurrences of 4, ;, even
though these values appear in every convective energy trans-
port term of the energy balance. This is a result of invocation,
at discrete level, of the continuity equation. Each convection
term leads to a mass flow times reference enthalpy contribu-
tion and it is further noted that the assumption, presented
earlier, has been made that the velocity of nonliquid regions of
the domain is identically zero. Therefore, the only nonzero
velocity contributions are due to liquid flow, and as these
flows have identical reference enthalpies, their influence can-
cels exactly through conservation of mass. The net convection
energy transport is then only the sensible component. How-
ever, the primary influence of convection, that of transporting
highly energetic liquid to the phase change interface, where it
can contribute significantly to the phase front erosion through
melting, has been retained in the model.

‘

Numerical Solution Considerations

In phase change energy transport, the entire problem is
temporally evolutionary with all transient details important to
the problem resolution. Consequently, it is essential that suffi-
ciently small time steps be employed such that changes in the
temperature field or in the fluid flowfield from time step to
time step significantly reduce the nonlinear coupling between
the energy and fluid-flow equations. This realization is used to
advantage in the present solution procedure to preclude en-
ergy-fluid flow equation iteration and to preclude the nonlin-
ear iteration normally required of the fluid-flow equations
themselves. The justification for such a procedure is the use of
sufficiently small time steps in the transient evolution. The
remedy for inaccurate computations from this source, there-
fore, is to further decrease the time step. The algorithmic
simplifications that result from such a procedure are signifi-
cant and fully justify use of the procedure.

The strategy for the transient evolution of the fluid flow and
temperature fields, then, is that depicted by the following
sequence of computations for advancement over a single time
step.

1) Enter the new time level with velocity and temperature
fields from the previous time step.

2) Using the proceding, coefficients are calculated for the
fluid-flow equation system.

3) The thereby linearized, but highly coupled, mass-momen-
tum equation system is then solved.

4) These new velocities are used in the coefficient calcula-
tion for the energy equation.

5) The thereby linearized energy equation is solved.

6) As aresult of steps 3 and 5, new time-level predictions are
available for the velocity, pressure, and temperature fields.
Enthalpy and melt fraction predictions can then be deter-
mined.

7) The time level is advanced, and the procedure is repeated
from step 1.

The preceding procedure is noniterative and requires fixed
computational tasks for each time step, each of which, by
itself, is nontrivial. The procedure employs the evolutionary
character of the problem as a feedback mechanism to accom-
plish the normally required interequation iteration. The pre-
ceding list presents, in an algorithmic sequence, the overall
strategy employed for each time step. Some comments are still
necessary.

The solution of the mass-momentum equation system is a
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significant task in the overall algorithm. The method em-
ployed for the fluid-flow solution is the coupled modified
strongly implicit procedure of Zedan and Schneider.?? In this
procedure, a derived equation is used for pressure (replacing
the continuity equation) in a strongly implicit iteration al-
gorithm. This derived equation renders the equation system
more diagonally dominant than the original and enhances the
iterative convergence. It is noted, however, that this pressure
equation is derived in such a manner that when the solution is
obtained, the original continuity equation is indeed satisfied.
Whereas this solution procedure has slightly higher computa-
tional costs than do some other optimized procedures, the
costs of these alternative procedures are relatively sensitive to
the (many) solution procedure parameters, and effecting the
optimization frequently exceeds the actual costs of solution.
Conversely, the coupled modified strongly implicit procedure
has relatively few parameters with procedural performance
more weakly dependent on the remaining parameters.

With regard to the nonlinearity of the Stefan problem, an
extension has been made to a procedure developed by the
author for one-dimensional, diffusion-dominated phase
change energy transport!? to the multidimensional configura-
tion.!* This has been incorporated into the free convective
energy transport code. The procedure still requires iteration to
resolve the nonlinearity, but it is of a significantly different
form that is closer to a predictor-corrector method than a
point relaxation method. Each time step calculation proceeds
as follows.

1) As a guess, the phase distribution of new time levels is
assumed the same as the current level.

2) On this assumption, the energy equation is solved di-
rectly.

3) The new tentative temperature solution yields a new
tentative phase distribution. The guessed and tentative phase
distributions are compared, and by applying two rules, pre-
sented below, to the tentative phase distribution, a modified
guess for the new phase distribution is generated.

4) Steps 2 and 3 are repeated until the modified and tenta-
tive phase distributions agree.

This calculation is contingent on two fundamental rules.
Experience has shown that when the time interval is large
enough to move the front by one contro! volume boundary per
time step, typically only two or three iterations of steps 2 and
3 are required. If the conditions are such that the front does
not cross a control volume boundary, then the first guess is
correct, and only one iteration is required. This has been
shown to lead to a drastic reduction in execution cost.!%!3 The
two rules that enable this cost reduction follow directly from
enforcing the correct physical behavior if the iterations are
viewed as a transient evolution.

Rule 1: In one iteration, the modified guess phase for a
control volume can only change from its previous iteration
value by one. Thus if the tentative phase is liquid and the
guessed phase was solid, the modified guess will be restricted
to melt as a maximum excursion from its present phase.

Rule 2: If the phase states of the previous iteration for a
control volume and all of its neighbors were the same, then the
modified guess for the phase of the control volume in question
must not be changed. For example, if the tentative phase of a
control volume is liquid but the previous guess for it and all of
its neighbors was solid, then the modified guess will remain
the solid phase.

Rule 1 enforces the physical requirement that in changing
from solid to liquid, or vice versa, a phase must pass through
the melt phase. If this is not satisfied, the system will not have
acknowledged the enthalpy difference that exists between the
solid and liquid states. Rule 2 is a statement that enforces the
physical requirement that a phase change in one region cannot
occur without a neighboring region having changed phase
first. This, of course, is restricted to zero internal source
strength situations but can readily be modified.

Subject to the assumed phase distribution, it is still required



JULY 1990

to obtain the solution to the energy-equation algebraic system.
If the correct phase distribution within the PCM is known, or
a suitably fixed distribution is assumed as per the preceding
iteration sequence, the energy-equation discretization repre-
sents a linear algebraic system in terms of the control volume
temperatures for which a solution is required. For small prob-
lem sizes, a direct solution procedure may be employed. How-
ever, as the problem size grows, the continued use of a direct
solver rapidly becomes prohibitively expensive, and iterative
methods for the solution of the linearized problem must be
employed. The method employed here is the modified strongly
implicit procedure of Schneider and Zedan.?

Comparison with Experiment

The computational model was first executed for the prob-
lem geometry of Fig. la. This configuration corresponds to
that examined experimentally and numerically by Ho and
Viskanta,'® although the numerical work of Ho and Viskanta
was limited to a single computational run. The PCM is n
octadecane with a corresponding Prandt] number of Pr,=50.
The Rayleigh number, based on the surface temperature-fu-
sion temperature difference and on the half height of the cell,
is 1.57 x 107. The experiment was initiated with zero subcool,
solid-phase conditions throughout, and this was simulated in
the numerical experiments with an initial nondimensional sub-
cool of —0.002. The range of nondimensional temperature is
from O to 1. The actual cavity dimensions of the Ho and
Viskanta'® experiment were 0.10 m total height and 0.05 m
width. It is noted that the paper by Ho and Viskanta implies
a cell height of 0.13 m, but the actual height of 0.10 m is
obtained from the thesis by Ho.20

On the basis of several test runs, it was determined that a
nondimensional time step determined according to
Ste-AFo =10~* provided accurate temporal resolution at
early time. At later times, when the melt had more fully
penetrated the PCM, this was gradually relaxed to
Ste-AFo =5 x 1073, Four different mesh discretizations were
employed. These correspond to a 10x 10 mesh (8 X 8 interior
control volumes), a 20x20 mesh (18X 18), a 40x20 mesh
(38x 18), and a 60 % 30 mesh (58 x 28). The experimental data
of Ho and Viskanta!® extend only to a 25% melt fraction limit,
and the numerical simulations fully capture the physics of this
problem. )

Results for this problem obtained from the 60 X 30 mesh are
presented in Fig. 5 as velocity vector diagrams with mirror
image representation of the isotherms. In succession, these
plots form the melting history profile for the problem. In all
of the plots shown here, the minimum and maximum
isotherms correspond to values of 0 and 1, respectively, for
nondimensional temperature. For small Fo, there is relatively
little liquid-phase PCM and the fusion isotherm, 7* =0, cor-
responding to the phase-front interface, is nearly vertical. It is
also clear from the figure that a large recirculation cell has
been established within the liquid PCM. At Fo =0.09, the
liquid region has expanded while the interfacial front is still
very nearly vertical. The strength of the recirculation has
increased, and it is also observed that there are two recircula-
tion cells beginning to emerge within a large overall recircula-
tion cell. That is, part of the downward flow near the cold-
phase front is “‘stripped off’” and moves up, and a similar
phenomenon occurs at the hot wall. This occurs at approx-
imately 40% distance from the bottom surface. However, this
effect is relatively weak. It is noted that recirculation strength
increases throughout the entire melt and that the velocity
vectors are scaled to the maximum for that particular time.
Thus the growth in convection strength is not exhibited from
figure to figure in the sequence. Rather, the relative spatial
convection strength within a specific plot is preserved.

For Fo =0.13, the weak secondary cells have coalesced, and
a single recirculation cell exists. It is evident, however, that the
recirculation in the top left region of the liquid is becoming
considerably more vigorous as melting is proceeding. It is also
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(e) (d)

Fig. 5 Problem 1 velocity vector and isotherms results: a) Fo =
0.05, b) Fo =0.09, ¢) Fo =0.13, d) Fo =0.17.

evident that the interfacial front is beginning to depart more
noticeably from its almost vertical configuration and that
increased erosion of the melt front is occurring near the top of
the PCM as is expected. For Fo =0.17, the weak secondary
recirculation zones are no longer present. The 0.6 isotherm
displays strongly in this figure the ‘‘temperature inversion’’
phenomenon, which occurs in strongly convecting buoyancy
driven flows. The strong convection of warm fluid proceeds
up along the heated wall and is deflected to the left and then
down the phase-front interface side of the recirculation cell.

Clearly from the preceding descriptions, the phase-change
melting problem is a dynamic process. As time progresses
through the melting evolution, significant changes occur in the
temperature field, the melt front configuration, and the veloc-
ity distribution and flow pattern. Although the interpretations
given to the various figures examined are physically self-con-
sistent, such self-consistency does not guarantee or imply ac-
curacy of the predictions. A more quantitative evaluation,
through comparison of the computed melt fraction history
with the experimentally measured melt fraction history re-
ported by Ho and Viskanta'® and by Ho,?® is provided below.

The predicted melt fraction histories will be compared with
the experimental melt fraction history reported by Ho and
Viskanta!> and by Ho.?® Since experimental data are available
only for melt fractions less than approximately 25%, the
comparisons will be restricted to this part of the evolution.
Four separate computational runs were executed for this pur-
pose as was mentioned earlier.

The results of the four computations are compared with the
experimental data and with the predictions of Ho and
Viskanta!> in Fig. 6. The 10 x 10 grid predictions are clearly
below both the data and the Ho and Viskanta predictions.
This is consistent since it is expected that coarse grid computa-
tions for this problem will underpredict the melting rate. The
20 x 20 grid predictions are also below the experimental data
and correspond closely to the Ho and Viskanta 13 x 21 (hori-
zontal X vertical), transformed, liquid domain predictions. It
is noted that Ho and Viskanta attributed their underpredic-
tions to the inability of their model to account for the ‘*flood-
ing’’ that occurs over the top surface as a result of volumetric
expansion of the PCM upon melting and to the neglect of
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Fig. 6 Melt fraction and convergence study for problem 1.

surface velocities normal to the phase front resulting from the
same volumetric expansion influences.

The present 40 20 predictions are rather startling. With
this increased resolution, the predictions are in excellent agree-
ment with the experimental data. It is observed that the depen-
dence of the prediction accuracy on grid size and spatial
resolution is relatively severe. The finest grid of 60 x 30 pro-
vides results for the melt fraction that are essentially coinci-
dent with the 40 x 20 results. This therefore provides excellent
validation of the prediction computations and of the modeling
of the problem physics.

Computational run times for the preceding problem, as an
entire transient evolution, remain high. However, they are
significantly reduced from that reported in the work of Ho
and Viskanta.! In their work a time per run of 50,000 CPU s
(i.e., 13.9 h) was reported for a CDC 6500 installation. In
comparison, the present procedure required only about 3 h for
the finest grid on a CDC 6600 installation. Although these
times are indeed still large, they represent cost reductions
estimated to be a factor of 30 for the same level of discretiza-
tion. Such a cost reduction is substantial.

The computational model was also executed for the prob-
lem geometry of Fig. 1b. This configuration corresponds to
that examined by Ho.” The PCM is n octadecane with a
corresponding Prandtl number of Pr,~ 50. The Rayleigh num-
ber, based on the surface temperature-fusion temperature dif-
ference and on the half height of the cell, is 1.82x 107. The
Stefan number for this problem is Sfe =0.133. The initial
subcool of the PCM was nonzero and corresponds to an initial
nondimensional temperature within the solid of T, = ~0.2.
The range of nondimensional temperature is from 0 to 1. The
dimensions of the PCM were 0.08 m total height and 0.04 m
width. For this problem, however, the computational model
of Ho and Viskanta!® fails and is unable to provide predictions
for comparison purposes. Thus, there are no available compu-
tational results for comparison with the present results. Com-
parigons are only made to the actual experimental results of
Ho.®

On the basis of several test runs, it was determined that a
nondimensional time step determined according to
Ste -AFo =10~* provided accurate temporal resolution at
early time. At later times, when the melt has more fully
penetrated the PCM, this was gradually relaxed to
Ste-AFo =5x%10-3, In the numerical computations, different
mesh sizes and different levels of subcool were examined. The
mesh size/subcool combinations employed are 20 x 20 mesh
with subcool of —0.2, 20 x 20 mesh with subcool of —0.002,
40 % 40 mesh with subcool of —0.2, and 60X 60 mesh with
subcool of —0.2.

Results for this problem obtained from the 60X 60 mesh
and with 7;,, = —0.2 are presented in Fig. 7 as velocity vectors
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Fig. 7 Problem 2 velocity vector and isotherm results: a) Fo = 0.050,
b) Fo =0.100, ¢) Fo =0.200, d) Fo =0.300, e) Fo =0.350, f)
Fo = 0.400.

with mirror image isotherm representation. In succession,
these plots form the melting history profile for the problem. In
all of the plots shown here, the minimum and maximum
isotherms correspond to values of 0 and 1, respectively, for the
nondimensional temperature. For Fo =0.05, there is a rela-
tively small amount of molten PCM. A large recirculation cell
is in existence along the right boundary with two minor recir-
culation cells along the right surface. The fusion front is
relatively straight and vertical along this boundary. Along the
bottom boundary, however, there exist four recirculation cells
exclusive of that occurring at the right-most boundary. These
recirculation cells result in a relatively irregular fusion front
due to the differing erosion rates that would result between
upward-directed and downward-directed portions of the con-
vection cells. It is further noted that the 20 x 20 coarse mesh
did not capture these smaller recirculation cells.

For Fo =0.1, it is seen that there is an increased amount of
molten PCM. Further, the increased erosion of the fusion
front at the top-right corner of the PCM is apparent. This
results from the convection of warm liquid PCM upward
along the right-most boundary being deflected at the top free
surface and discharging its energy to the solid PCM and
thereby causing additional melting at the top region of the
solid PCM. As the liquid loses energy in this fashion, as it falls
down the fusion boundary, less melting occurs due to the
decreased available energy for the latent heat transformation.
Along the lower surface, there now exist only two recircula-
tion cells. These lower-surface recirculation cells are thus be-
ginning to coalesce.
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For Fo=0.2, the preferential erosion of the top-right
boundary is more apparent as a result of the increased time for
this preferential erosion to occur. The increased width of the
liquid layer at the right surface has resulted in a single, large
recirculation cell in this region. In examining the shape of the
isotherms for this plot, the inversion phenomenon characteris-
tic of free convection motion has begun to emerge. It can be
seen that a “‘finger’’ of cold fluid is rising upward near, but
not adjacent to, the fusion front. This behavior is typical of
high Rayleigh number, free-convection recirculation. At the
bottom surface, a single recirculation cell now exists with the
previous smaller cells having coalesced to form this larger cell.
Further, the downward motion of both the right wall cell and
the bottom surface cell coincide at the lower right corner, and
a cold finger of liquid is seen to be swept into the surrounding
liquid from this lower, right corner. It can be seen, at its tip,
to be spreading in directions coincident with both recirculation
cells.

For Fo =0.30, the characteristics are similar to those just
described but have an increased volume of liquid PCM. The
last two parts of the figure show completion of the evolution
to a state of complete melt. The primary departure from the
just-described flow patterns is that the recirculation in the
lower-left corner is no longer present.

It is further noted, in conjunction with the melt fraction
histories to be presented, that the shape of the fusion front is
very closely representative of that reported by Ho.2 The
shapes observed by Ho? displayed a curve toward the center
at the top-right surface of the solid rather than the perpendic-
ular configuration indicated here. The perpendicular intersec-
tion of the fusion front with the top surface is dictated by the
imposition of a zero temperature gradient at this surface.
Further, in the actual experiment, the PCM expands upon
melting and occupies a larger volume than the comparable
mass of solid PCM. This results in some of the liquid PCM
flowing over the top of the solid and initiating a certain
amount of melt from the top of the solid due to the presence
of molten PCM on this surface. Excepting this minor varia-
tion, the agreement of the predicted fusion front shapes with
those observed by Ho? is excellent.

The predicted melt fraction histories are also compared with
the experimental melt fraction history reported by Ho.?® Four
separate computational runs are reported for this purpose: 1)
20x 20 mesh with —0.2 initial subcool, 2) 20 x 20 mesh with
zero initial subcool, 3) 40 x40 mesh with — 0.2 initial subcool,
and 4) 60 x 60 mesh with —0.2 initial subcool. The results of
these computations are compared with the experimental data
of Ho® in Fig. 8. The first computational run was conducted
for the 20 x 20-mesh with an initial solid subcool nondimen-
sional temperature of —0.2. It is seen that these predictions at
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Fig. 8 Melt fraction and convergence study for problem 2.
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low time overpredict the experimental melt fraction, whereas
at large time these predictions significantly underpredict the
melt fraction history. The early time overprediction can be
explained by the coarseness of the mesh employed. The
Dirichlet boundary condition on temperature at the diabatic
surfaces causes the control volumes adjacent to the boundary
to immediately assume a nonzero melt fraction. This is a result
of the linearity of the profile at the boundary at early times
causing all control volumes immediately adjacent to the
boundary to take on a finite melt fraction.

The underprediction of the melt fraction at large time can
also be attributed to the coarseness of the mesh. The coarse
mesh limits the extent to which the free convective fluid mo-
tion can transport thermal energy. Indeed the slope of the melt
fraction history is significantly underpredicted and is at-
tributed to the underprediction of the fluid-flow velocities due
to the coarse mesh. The influence of initial subcool was exam-
ined by running the same mesh with an initial subcool nondi-
mensional temperature in the solid in —0.002 (essentially
zero). The primary impact of the higher initial temperature is
to raise the curve to that shown in the figure. The slope of the
curve remains essentially as before with overprediction of melt
fraction at small time and underprediction at large time.

The results corresponding to an initial subcool of —0.2 but
for a 40 x 40 computational mesh are also shown in the figure
and show a dramatic departure from the previous, coarser
mesh, results. First, the behavioral change in the predicted
melt fraction history is markedly different from that obtained
using the 20 X 20 mesh. Second, the agreement of the compu-
tational predictions with the experimental data of Ho® is
excellent throughout the entire melting history. Finally, the
60 x 60 mesh results are also shown in the figure and are only
slightly displaced from the 40 x 40 results. This very accurate
prediction of the fine grid simulation provides excellent valida-
tion of the code and modeling of the problem physics.

Conclusions

A numerical procedure has been presented for the computa-
tion of phase-energy transport including free-convection mo-
tion. In the model, the mass and momentum equations are
solved in addition to the thermal energy equation. An en-
thalpy-like model is employed in modeling the phase change
interface nonlinearity and the procedure for treating this non-
linear problem, advanced previously by Schneider and Raw!?
and Raw and Scheider!® for diffusion dominated phase
change, has been extended to the problem including free-con-
vective motion. A coupled modified strongly implicit proce-
dure has been employed in the solution of the coupled veloc-
ity-pressure part of the problem. The velocity of all nonliquid
PCM has been assumed to be zero and is consistent with
expectations for the particular problem examined.

The particular problems examined are those described by
Ho and Viskanta!’ wherein a vertical isothermal boundary
interacts with an initially solid PCM being insulated on the
other sides and having a free surface at the top. For the second
problem, the bottom surface is also isothermal with this small
difference providing for a significantly more complex flow
and energy transfer phenomenon. The paraffin » octadecane
was used, with Pr,=50. Qualitative results have been pre-
sented, which show the development of the flowfield within
the liquid PCM. The problems were seen to be quite dynamic
with several recirculation cells appearing at various stages in
the evolution. In addition, quantitative results have been pre-
sented in terms of the melt fraction history for both problems.
Comparisons of the present predictions with the experimental
results of Ho and Viskanta's have been presented as well as
comparisons with their predictions where applicable. It was
observed that the melt fraction results can be relatively sensi-
tive to the level of discretization employed in the problem. The
present predictions for problem 1 and for the 20 X 20 grid are
in good agreement with the 20X 13 results of Ho and
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Viskanta.!* However, both of these results lie considerably
below the experimental data for this problem. The present
fine-grid results predict the experimental data remarkably well
and are significantly removed from the Ho and Viskanta'
predictions and from the present coarsest grid results.

The overall success of the present model and the present
computational procedure are judged to be excellent. Not only
are the predictions in excellent agreement with the experi-
mental data, but, in addition, the cost of the computational
predictions are considerably lower (estimated at a factor of
30) than that incurred by the previous computations for this
problem.
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